In this paper, the dilepton electromagnetic decays χ cJ (1P ) → J/ψe + e − and χ cJ (1P ) →
I. INTRODUCTION
The dilepton electromagnetic (EM) decays, M → M f + − , where M and M f are initial and final mesons, respectively, are of significance in revealing the structure of hadronic states and the mechanisms of the interactions between hadrons and electromagnetic field [1] [2] [3] . As the EM decays are much cleaner than hadronic decays, dilepton EM decay processions have been well studied in the light quark sector for years [4] . In Ref. [5] , the dilepton decays of unflavored light mesons ρ, ω, φ, η, η , π 0 , f 0 and a 0 are calculated to give the dilepton spectra, which can be used to provide references for experimental searches of such decays. However, there is still little study of such decays in the charm and bottom sectors.
Recently, both BESIII [6, 7] and LHCb [8] have observed the dilepton EM decays of χ cJ and ψ(3686), where χ cJ refers to χ c0 , χ c1 and χ c2 . By analysing the cascade decays of ψ(3686) → χ cJ e + e − , χ cJ → J/ψγ and ψ(3686) → χ cJ γ, χ cJ → J/ψe + e − , the BESIII Collaboration measured the branching fractions of χ cJ → J/ψe + e − , which are (1.51 ± 0.30 ± 0.13) × 10 −4 , (3.73 ± 0.09 ± 0.25) × 10 −3 , (2.48 ± 0.08 ± 0.16) ± 10 −3 [6] . This has been gradually bringing more attention on such decays.
The partial width of dilepton EM decays can be obtained with the transition form factors of charmonia, which can be calculated from QCD models. Similar to the form factors, the partial width is Q-dependent, where Q is the invariant mass of the final leptons. Based on this, the spectra of invariant mass could be derived, which can provide more information of the process and the inner structure of charmonia involved. Meanwhile, the calculation of dilepton EM decays are deeply related to radiative decays. When we take the limit Q = 0, the transition form factors of this two electromagnetic decays should share the same value, which are constrained by the Ward identity. In our previous researches, the radiative decay channels have been well calculated for multiple charm mesons, like χ c1 , X(3872) [9] , B c [10] , etc. In Ref. [9] , the radiative decay channels were calculated for χ c1 (2P ) as a charmonium candidate of X(3872), which has been confirmed to be a P-wave charmonium by PDG.
The P-wave triplet states χ cJ are mainly produced by the radiative decay of ψ(3686) [4] . Unlike 1 −− charmonium J/ψ and ψ(3686), χ cJ are rarely produced directly in the e + e − collisions. For charmonia below the DD threshold, like ψ(3686) and χ cJ (1P ), the electromagnetic decay modes become important. However, as the charmonia discovered next to J/ψ and ψ(3686), the decays of χ cJ (1P ) are relatively less learned. Thus, theoretical calculations of the EM decays of χ cJ (1P ) based on QCD model may provide more information of the inner structure and mechanism of charmonia. In this paper, we use the improved Bethe-Salpeter (BS) method [11, 12] to calculate the transition amplitude. Recently, the relativistic correction within this formalism is also presented [13, 14] . This method is widely applied to the calculation of heavy meson physics [15, 16] . The triplet states χ cJ (1P ) are under the DD threshold and have no OZI-allowed hadronic decays. Thus, EM decays, especially the radiative process has rather large contribution. In Ref. [17] , the ratios between the branching fractions of χ cJ → J/ψ + − processes and the corresponding radiative decay channels are calculated by assuming the virtual photons are on-shell, making the transition form factors constant in the calculation. Here we will not use this assumption, but calculate the decay widths and branching fractions of the dilepton EM decay processes with the full range form factors and hope to provide more comparable results.
This paper is organized as follows. In Sec. II, we present the theoretical formalism based on improved BS method and give the form of the invariant amplitude and partial width.
In Sec. III, we present the numerical results and make comparison with the experimental data. Finally, we give the conclusions are provided Sec. IV. Some details of the Salpeter wave functions are presented in the Appendix. Considering the Feymann diagram Fig. 1 , the invariant amplitude of χ cJ → J/ψ + − can be written as:
where we have defined the invariant mass Q = (P 2 + P 3 ) 2 , with P 2 and P 3 being the momenta of the final negative-charged and positive-charged lepton, respectively; e q = 2 3 e (eq = − 2 3 e) is the charge of the charm quark (anti-quark). Within Mandelstam formalism, the hadronic matrix element can be expressed as an overlapping integral over the Salpeter wave functions of the initial and final mesons [9] :
where ϕ ++ and ϕ ++ are the positive energy parts of Salpeter wave functions of the initial and final heavy mesons, respectively; q, q 1 and q 2 are the relative momenta between quark and anti-quark in the initial and final mesons, respectively; P and P f are the momenta of the initial and final mesons, respectively. M is the mass of the initial meson. We also use the definitions:
where m 1 and m 2 are the masses of quark and anti-quark of the final meson, respectively.
The basic method to derive the explicit wave functions is to take the instantaneous approximation to simplify the original BS equation. This could reduce a 4-dimensional BS equation to 3-dimensional solvable Salpeter equations. Furthermore, as the negative energy part of the wave function in the Salpeter equations has a rather small contribution [18] , only the positive energy part is included in our calculation. The explicit form of wave functions involved in our calculation are directly given in the appendix. For interested readers, more detailed processes of deriving the functions as well as solving the instantaneous BS equation
can be found in our previous papers [19] [20] [21] .
The hadronic matrix element is reduced to several form factors after finishing the overlap integrals. Here we give the final forms of the hadronic matrix elements representing the
Here, t i , s i and u i are form factors. The polarization tensor of χ c2 is represented by ε ξν . ε 1 and ε f denote the polarization vectors of χ c1 and J/ψ, respectively. Note that in Eq. (4), the form factors are not independent. Due to the Ward identity (
= 0, they are related by the following constraint conditions:
After using the constraint conditions to replace t 3 , s 4 and u 7 , the hadronic matrix are parameterized with the left form factors.
Summed up over the polarization, the squared amplitude becomes
The leptonic and hadronic tensor l µν and h µν takes the following forms:
where y i are functions that depend on the invariant mass Q. The explicit form of y i are derived by summing up the polarization vector(tensor) using following formulae:
where g µν ⊥ = P µ P ν M 2 − g µν is defined. Here we give y i for the χ c0 → J/ψ + − case as an example:
The decay width of a three-body process is given by
The invariant mass spectra of final leptons has the form:
where θ is the angle between the final lepton and the meson in the center of mass of the lepton pair. λ has the form:
III. NUMERICAL RESULTS AND DISCUSSIONS
In previous papers, we have solved the corresponding full Salpeter equations for different mesons. In Ref. [22] , we fixed the parameters in the model by fitting the mass spectra of charmonia and bottomonia. In this paper, we use the same parameter values as those in
Ref. [22] . The masses of mesons involved are listed as follows:
By fitting the mass spectra of charmonia, the mass of constituent charm quarks are set to m i = 1.62 GeV in our calculation. The mass spectra of lepton pair of χ cJ → J/ψe + e − processes are shown in Fig. 2 . The horizontal axis represents the invariant mass Q ≡ P 2 2 + P 2 3 , and the vertical axis represents the partial width. For each calculated spectrum, a peak occurs near the lower limit of invariant mass Q ≡ P 2 2 + P 2 3 = 2m e , similar to the spectra given by BESIII, whose vertical axis represents the number of events instead. This could be understood from Eq. (6), where the squared amplitude is proportion to 1/Q 4 , causing it to increase rapidly at the lower limit. Besides, since the mass of electron is four orders of magnitudes smaller than those of the charmonia, the distribution of decay width gets a large contribution when the invariant mass is small enough. This indicates that the value of the form factors near the Q = 2m e can bring large contribution to the results in our calculation. Thus, it is necessary to increase the accuracy of the calculated form factors at this range. At the range where the invariant mass become larger, the curve flattens as the effect from phase space becomes dominant.
In Table I , our numerical results of decay widths and branching fractions are given. The uncertainties are achieved by varying the (anti-)quark masses and parameters in the interaction potential by ±10%.According to our numerical results, the χ c2 → Jψe + e − process has the largest decay width while the χ c0 → Jψe + e − process has the smallest. Meanwhile, the calculated branching fractions of χ c0,1 → J/ψe + e − processes are consistent with the experimental data in the given uncertainties, while the calculated result of χ c2 → J/ψe + e − is comparable. In Fig. 3 , the invariant mass spectra of the muon pairs are shown along with the results of BESIII [7] and LHCb [8] . The axes of spectra given by BESIII represent number of events while the axis of the spectrum given by LHCb represents partial width. The curves given by LHCb are results of simulation, which uses the model described in Ref. [5] . Our results are consistent with the experimental data qualitatively. Clearly, as the mass of a muon is much larger than that of an electron, the peaks appeared at about 0.25 GeV in the muon spectra are not so sharp. Compared to the experimental data, our muon spectra shares the same lower and upper limit of invariant mass, while our peak are slightly lower than the spectra given by LHCb. Our results of decay widths and branching fractions for the χ cJ → J/ψµ + µ − process are shown in Table II . The experimental branching fractions given by BESIII [7] are also listed to make comparison. For the process of χ c0 → J/ψµ + µ − , the experiment has only given the upper limit of branching fraction. Our calculated result stays within the given limits. The results of χ c1 → J/ψµ + µ − also consist with those of the experiments. Though the central value of χ c2 → J/ψµ + µ − process is slightly smaller, it is still consistent with the experimental data after the uncertainties being considered.
Furthermore, the ratios between branching fractions are given in Table III. The theoretical uncertainties have been reduced. The central values of our results of χ c1,2 are slightly larger than those of the experimental data provided by BESIII, while our result of χ c0 is under the upper limit of experimental data. Generally, the branching fractions of χ cJ → J/ψµ + µ − are about one order of magnitude smaller than that of χ cJ → J/ψe + e − . In Ref. [17] , the same processions are calculated with a relation between dilepton decays and radiative decays.
The relation was given by Ref. [5] , in which the transition form factors was derived based on the Vector Meson Dominance (VMD) model within the constraints from quark counting rules. Generally, their results are relatively smaller to the central values of experimental data given by BESIII.
IV. SUMMARY
In this work, the dilepton EM decays between χ cJ and J/ψ is studied with the improved Bethe-Salpeter method. Our results were compared with the recent BESIII experiments, the distribution of χ c1,2 → J/ψ + − are consistent with the experimental spectra qualitatively, showing the suitability of our method. For the process of χ c0,1 → J/ψe + e − and χ cJ → J/ψµ + µ − , our calculated branching fractions consist with experiments under the given uncertainties, while the result of χ c2 → J/ψe + e − channel is comparable. Furthermore, the ratios of branching fractions are given to reduce theoretical uncertainties. The ratios have given good agreements with the experimental data of BESIII. So far, the explicit data of the involved channels has only been measured by BESIII, further comparison could be made with more experiment in the future.
In our expressions above, P and M denote the momentum and mass of the meson, while
In our expression above, the definition ω i = m 2 i − q 2 i⊥ (ω i = m 2 i − q 2 i⊥ in the wave functions of the final meson J/ψ) is used.
